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Abstract: In this paper, we propose a generalization of the AdS2/CFT1 correspondence
constructed by Mezei, Pufu and Wang in [1], which is the duality between 2d Yang-Mills
theory with higher derivatives in the AdS2 background, and 1d topological quantum me-
chanics of two adjoint and two fundamental U(N) fields, governing certain protected sector
of operators in 3d ABJM theory at the Chern-Simons level k = 1. We construct a holo-
graphic dual to a flavored generalization of the 1d quantum mechanics considered in [1],
which arises as the effective field theory living on the intersection of stacks of N D2-branes
and k D6-branes in the Ω-background in Type IIA string theory, and describes the dynamics
of the protected sector of operators in N = 4 theory with k fundamental hypermultiplets,
having a holographic description as M-theory in the AdS4 × S7/Zk background. We com-
pute the structure constants of the bulk theory gauge group, and construct a map between
the observables of the boundary theory and the fields of the bulk theory.
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1 Introduction
A holographic duality we consider in this paper is a generalization of the duality between
the 1d topological matrix quantum mechanics (QM), which can be viewed as a subsector of
the 3d N = 4 gauge theory [2–4], and a non-linear higher-derivative generalization of the
Yang-Mills theory in the AdS2 background. The first example of such a duality was given
in [1], where an equivalence of the 1d topological QM of interacting U(N) gauge field, a
fundamental Q, anti-fundamental Q˜, and two adjoint X, X˜ scalars, and a non-linear Yang-
Mills theory on AdS2 with the gauge group SDiff
(
S2
)
of area-preserving diffeomorphisms
of the 2-sphere, was considered.
The QM theory we work with is the generalization of the theory studied in [1] to
the case of k fundamental scalars, and non-vanishing Fayet–Iliopoulos (FI) term. This
theory is particularly interesting, because it arises as the effective field theory living on
the intersection of stacks of N D2-branes and k D6-branes in the Ω-background in Type
IIA string theory, with the gauge coupling ∆ and the FI parameter  identified with two
equivariant parameters of the Ω-deformation [5–8].1
1This brane configuration is equivalent to a stack of M2-branes in the Taub-NUT background in the
Ω-deformed M-theory.
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The AdS/CFT correspondence [9–11] gives a dictionary between the single-trace con-
served currents of the boundary theory and the gauge fields in the bulk higher-dimensional
theory [10]. For the case of one pair of fundamental/anti-fundamental scalars considered
in [1], all operators involving Q’s can be expressed in terms of X’s and X˜’s, and all the
single-trace conserved currents are of the form
jp1,··· ,pnq1,··· ,qn = Tr
(
Xp1X˜q1 · · ·XpnX˜qn
)
, (1.1)
where pi and qj are some non-negative integer numbers. One can extract the structure
constants of the bulk theory gauge group from the boundary 3-point function, as we will
briefly review. For the case k 6= 1, there are the single-trace conserved currents which are
non-scalars (i.e. they are traceless) under the SU(k), having the form
jp1,··· ,pn,aq1,··· ,qn,b = Q˜
aXp1X˜q1 · · ·XpnX˜qnQb, (1.2)
and it implies that one cannot express them in terms of X’s. We consider the correlation
functions of these operators in the 1d theory with k 6= 1,  6= 0 in order to deduce the
gauge group of the bulk theory.
2 AdS2 side
Here we give a very brief introduction to the higher-derivative generalization of the Yang-
Mills theory, closely following [1].
The gauge field dynamics in two dimensions is topological, so the gauge theory in the
AdS2 background may be holographically dual to a 1d topological theory on the ∂AdS2.
2
We introduce the coordinates ϕ and r, in which the 2d metric is of the form ds2 = dr2 +
sinh2 rdϕ2 (we put the AdS2 radius here to 1). The action governing the dynamics of the
gauge field Aµ = (Aϕ, Ar) of the bulk theory is
I2d =
∫
d2x
√
g Tr
[ ∞∑
n=2
da1···ann
n!
F a1 · · ·F an
]
+
∫
dϕTr
[ ∞∑
n=2
1
n!
Aaϕd
aa2···an
n
n− 1
(
Aa2ϕ · · ·Aanϕ
sinhn−1R
− nF a2 · · ·F an
)]
,
(2.1)
where F a = 12ε
µνF aµν , R is the IR bulk cutoff, and d
a1···an
n are some totally symmetric
invariant tensors of the bulk theory gauge group. In the original formulation of the duality
given in [1], da1···ann ∼ 1/g2YM . We will see that in our case the dependence of the bulk
action on gYM is more general.
The solution of the bulk equations of motion can be written in the form
Frϕ = UQU
−1 sinh r,
Aϕ = UQU
−1(cosh r − 1) + iU∂ϕU−1,
Ar = iU∂rU
−1.
(2.2)
2More precisely, the bulk theory is quasi-topological, i.e. an arbitrary diffeomorphism on the boundary
can be extended to an area-preserving diffeomorphism in the bulk.
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Here Q is an arbitrary constant Lie-algebra-valued matrix, and U(r, ϕ) is an arbitrary Lie-
group-valued matrix, which has a finite limit U(∞, ϕ) ≡ u(ϕ) as r → ∞, corresponding
to large gauge transformations. The role of the non-normalizable mode, sourcing the
conserved current operator ja (ϕ) in the boundary theory, is played by a(ϕ) = Aϕ +
lim
r→∞Fϕr. For the solution we gave, it has the form
a(ϕ) = iu∂ϕu
−1 − uQu−1. (2.3)
Using this expression, one can write the action in terms of the source, which is useful to
compute the correlation functions of currents, which can be compared with the boundary
theory computations. The action Ion−shell2 [a] is
Ion−shell2d [a] = −
∫
d2x
√
g Tr
[ ∞∑
n=2
da1···ann
n!
Qa1 · · ·Qan
]
, (2.4)
where Q must be represented in terms of a(ϕ) as
Q = iu−10 log
Pˆexp
i pi∫
−pi
dϕ a(ϕ)
u0. (2.5)
The constant matrix u0 is arbitrary, and cancels when we substitute Q in the action, and
Pˆ is the path-ordering operator. The correlation functions of the boundary currents can
then be computed as
〈ja1(ϕ1) · · · jan(ϕn)〉 = (−1)n+1 δI
on−shell
2d [a]
δa1(ϕ1) · · · δan(ϕn) . (2.6)
3 Field theory side
3.1 A one-dimensional topological quantum mechanics
The field content of the 1d topological theory we are interested in is a U(N) gauge field A,
a U(N) fundamental field Q, an anti-fundamental field Q˜, and a pair of adjoint fields X and
X˜. The matter fields are anti-periodic when the theory is defined on a circle parameterized
by ϕ ∈ [−pi, pi). The dynamics is governed by the action
I1d = − 1
∆
∫ {
Q˜a (d +A)Qa + Tr
(
X˜dX + X˜[A, X]
)
− TrA
}
, (3.1)
where a runs from 1 to k,  is the FI parameter, and ∆ is the coupling constant. The fields
Q and Q˜ transform under the flavor group SU(k) as k and k, respectively. The theory
doesn’t depend on the worldline metric, so it is topological, and it is natural to map the
single-trace scalar gauge-invariant operators3 to the gauge fields in the bulk, not to scalars,
because the 2d scalar field theory is not topological. One can say that these operators must
be considered as charges of conserved 1d currents.
3We will see in what follows that the single-trace operators must be mixed with the double-trace ones
in order to have a consistent bulk dual gauge theory.
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The partition function of the theory is an obvious generalization of the result of [1],
where the case of  = 0, and k = 1 is considered. It is given by
Z =
1
|W|
∫
Cartan of u(N)
dσ det′adj (2 sinh(piσ))Zσ, (3.2)
where W is the Weyl group of U(N), whose order is |W| = N !, σ parameterizes the Car-
tan subalgebra, and σ = diag {σ1, · · · , σN}, det′adj (2 sinh(piσ)) =
∏
i<j
[2 sinh (pi (σi − σj))]2,
where the prime means that the zero modes are omitted, and Zσ is
Zσ =
∫
DQ DQ˜ DX DX˜ exp
[
1
∆
∫
dϕ
{
Q˜aDFϕQa + Tr
(
X˜DAϕX
)
− Trσ
}]
. (3.3)
Here the gauge choice Aϕ = σ has been made, and the covariant derivatives in the funda-
mental DFϕ and adjoint D
A
ϕ representations are defined as
DFϕQ = ∂ϕQ+ σQ, D
A
ϕX = ∂ϕX + [σ,X]. (3.4)
The path integral Zσ is quadratic in the matter fields, and can be easily computed using
the ζ-function regularization. When it is done, the partition function takes the form
Z =
1
N ! 2N
∫ N∏
i=1
dσi
∏
i<j
sinh2 (pi (σi − σj))
N∏
i,j=1
cosh (pi (σi − σj))
N∏
i=1
[2 cosh (piσi)]
k
e
−2pi 
∆
N∑
i=1
σi
. (3.5)
Introducing the parameter α such that  = α2 ∆, we re-write the integral in (3.5) as∫ N∏
i=1
dσi e
−Ieff =
∫ N∏
i=1
dσi e
− ∑
i<j
log{coth2(pi(σi−σj))}−k N∑
i=1
log{2 cosh(piσi)}−αpi
N∑
i=1
σi
. (3.6)
3.2 Large N computation
3.2.1 Partition function
The matrix integral (3.6) and its generalizations with insertions, can be computed in the
large N approximation. We start our computation with the partition function.
If we make the change of variables σi =
√
Nxi, the spectrum of eigenvalues becomes
dense in the variables xi, and we can introduce the density of eigenvalues ρ(x). After the
replacement (see [12] for a review)
N∑
i=1
V (σi)→ N
∫
dx ρ(x)V (x), (3.7)
we get the effective action
Ieff =
N2
2
∫
dx dy ρ(x)ρ(y) log
{
coth2
(
pi
√
N (x− y)
)}
+N
∫
dx ρ(x)
[
k log
{
2 cosh
(
pi
√
Nx
)}
+ αpi
√
Nx
]
,
(3.8)
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which in the large N limit can be written as
Ieff = piN
3/2
∫
dx
[
1
4
ρ(x)2 + (k|x|+ αx) ρ(x)
]
, (3.9)
using the large N approximations
log
{
coth2
(
pi
√
N (x− y)
)}
≈ pi
2
√
N
δ(x− y), log
{
2 cosh
(
pi
√
Nx
)}
≈ pi
√
N |x|. (3.10)
We extremize (3.9) with respect to ρ(x), imposing the additional constraint
∫
dx ρ(x) =
1. The solution is
ρ(x) =

√
2
√
k2−α2
k − 2 (αx+ k|x|) +O
(
1√
N
)
, x ∈
(
− 1√
2k
√
k+α
k−α ,
1√
2k
√
k−α
k+α
)
,
0, otherwise.
(3.11)
Here and in what follows, we put |k| ≥ |α|. If this inequality is not obeyed, it is hard to
make sense of the model, because naively the path integral diverges.
Substituting ρ(x) into (3.9), we obtain4
Ieff =
√
2pi
3
√
k2 − α2
k
N
3
2 . (3.12)
3.2.2 Correlation functions of X’s
Typically, the holographic correspondence states that only the single-trace boundary oper-
ators have the bulk gauge fields as their duals, and the exchange of multi-trace operators in
n-point functions should be automatically taken into account by the bulk dynamics. As we
already mentioned, and will see in what follows, for the theories we consider this is almost
the case, but the single-trace operators must be mixed with the double-trace operators.
In order to compute correlation functions of currents involving the fields X and X˜,
it is convenient to introduce the notations (X1, X2) = (X˜,X), and to rewrite the X, X˜-
dependent terms in (3.1) as∫
dϕTr
(
X˜DAϕX
)
=
1
2
∫
dϕ εIJTr (XI∂ϕXJ − σ [XI , XJ ]) , (3.13)
where I, J = 1, 2. This allows us to write all the operators we are interested in as functions
of
X(ϕ, y) = y1X˜(ϕ) + y2X(ϕ), (3.14)
where ~y is a 2d polarization vector. The basis of operators consists of all products of the
form Tr [X(ϕ, y)n] modulo trace relations that can be ignored in the large N limit. We
will focus on the single trace operators with even powers of X, corresponding to integer
spin under the su(2), under which (X˜,X) transform as a doublet. For convenience, we
introduce the notation
X`(ϕ, y) =
1
N
`−1
2
Tr
[
X(ϕ, y)2`
]
. (3.15)
4The theory with α = 0 was also considered in [13, 14].
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The operators X` contain only symmetric combinations of products of X and X˜. One can
argue that it is enough to take only these combinations into account. Let’s consider an
operator with one anti-symmetrization Tr
(
X2`[X, X˜]
)
. This operator vanishes. If we take
the component with the highest spin projection in the expansion of Tr
(
X2`[X, X˜]
)
, we get
Tr
(
X2`[X, X˜]
)
, which is obviously zero by cyclicity of trace. The other components can be
obtained by an su(2) transformation, and thus also vanish. The simplest case of an operator
with more than one anti-symmetrization is Tr
(
[X, X˜]2
)
. Using the σ equations of motion,
QiQ˜
j ∼ [X, X˜] ji , we get Tr
(
[X, X˜]2
)
∼ Q˜i[X, X˜] ji Qj ∼ QiQjQ˜iQ˜j ∼
{
Tr
(
[X, X˜]
)}2
=
0. We didn’t work out the details of vanishing (or expressibility in terms of other operators)
of more general operators, but validity of our assumption is confirmed by the fact that the
Jacobi identities for the structure constants we extract from the 3-point functions, are
satisfied, as we will see.
The su(2) symmetry fixes the 2- and 3-point functions to be
〈X`1(ϕ1, y1)X`2(ϕ2, y2)〉 = BXX`1 δ`1`2 〈y1, y2〉2`1 ,
〈X`1(ϕ1, y1)X`2(ϕ2, y2)X`3(ϕ3, y3)〉 = CXXX`1`2`3 〈y1, y2〉L12,3 〈y1, y3〉L13,2 〈y2, y3〉L23,1
× (sgnϕ21)L12,3 (sgnϕ31)L13,2 (sgnϕ32)L23,1 ,
(3.16)
where ϕij = ϕi − ϕj , 〈y1, y2〉 = εIJyI1yJ2 with ε12 = −1, and Lij,k = `i + `j − `k.
To compute the correlation functions, we also need the propagator for the field X at
fixed σ. The propagator for a scalar field Φ in the representation R is given by〈
Φ(ϕ1)Φ˜(ϕ2)
〉
σ
= −∆
2
(tanh(piσ) + sgn(ϕ12)1) e
−σϕ12 , (3.17)
where 1 is the dimR× dimR unit matrix, and σ is also must be thought of as the dimR×
dimR matrix. When the fields sit at the same point, the propagator is defined as〈
Φ(ϕ)Φ˜(ϕ)
〉
σ
= −∆
2
tanh(piσ). (3.18)
It follows that for the adjoint field X one gets〈
X ji (ϕ1, y1)X
l
k (ϕ2, y2)
〉
σ
= 〈y1, y2〉 δliδjkGσij (ϕ12), (3.19)
where σij = σi − σj , and (see [2])
Gσ(ϕ) = −∆
2
(tanh(piσ) + sgn(ϕ)) e−σϕ = −∆
2
sgn(ϕ)
esgn(ϕ)piσ
cosh(piσ)
e−σϕ. (3.20)
It is easy to compute the 2-point function at arbitrary `, generalizing the computation
of [1]. The result for the coefficient BXX` is
BXX` = 2`N
`+1
(
∆
2
)2` ∫  2∏`
a=1
dxa ρ (xa)
1
cosh
(
pi
√
N (xa − xa+1)
)

=
2`+
1
2√
pi
(
∆
2
)2` Γ(`+ 1)
Γ
(
`+ 32
) (k2 − α2
k
)`− 1
2
N
3
2 =
2√
pi
(
∆
2
)2` Γ(`+ 1)
Γ
(
`+ 32
)ρ(0)2`−1N 32 ,
(3.21)
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where we defined x2`+1 ≡ x1, and used the large N approximation
2∏`
a=1
1
cosh
(
pi
√
N (xa − xa+1)
) ≈ 1√
pi
Γ(`)
Γ
(
`+ 12
) 1
N `−
1
2
2`−1∏
a=1
δ (xa − xa+1) . (3.22)
Here the coefficient on the right hand side can be obtained by integrating both sides with
respect to 2`− 1 x’s, using the Fourier transform of 1cosh(xa−xa+1) .
Generalizing then the result of [1] for the 3-point function, one gets for the coefficient
CXXX`1`2`3 the expression
CXXX`1`2`3 =
8`1`2`3N
`1+`2+`3−1
N
`1+`2+`3−3
2
(
∆
2
)`1+`2+`3 ∫
dx dy cosh
(
pi
√
N (x− y)
)
ρ(x)ρ(y)
×
L12,3−1∏
i=1
dui ρ (ui)
cosh
(
pi
√
N (x− u1)
)[L12,3−2∏
i=1
cosh
(
pi
√
N (ui − ui+1)
)]
cosh
(
pi
√
N
(
uL12,3−1 − y
))
×
L13,2−1∏
j=1
dvj ρ (vj)
cosh
(
pi
√
N (x− v1)
)[L13,2−2∏
j=1
cosh
(
pi
√
N (vi − vj+1)
)]
cosh
(
pi
√
N
(
vL13,2−1 − y
))
×
L23,1−1∏
k=1
dwk ρ (wk)
cosh
(
pi
√
N (x− w1)
)[L23,1−2∏
k=1
cosh
(
pi
√
N (wk − wk+1)
)]
cosh
(
pi
√
N
(
wL23,1−1 − y
)) .
(3.23)
Evaluating the integral in the large N limit, we obtain
CXXX`1`2`3 = 2
ρ(0)`1+`2+`3−2√
pi
(
∆
2
)`1+`2+`3
N
3
2
[
8`1`2`3
`1 + `2 + `3
I (`1, `2, `3)
]
, (3.24)
where
I (`1, `2, `3) = Γ (`1) Γ (`2) Γ (`3)
Γ
(
`1+`2−`3
2 +
1
2
)
Γ
(
`1+`3−`2
2 +
1
2
)
Γ
(
`2+`3−`1
2 +
1
2
)
Γ
(
`1+`2+`3
2
) . (3.25)
Here `1, `2, and `3 must obey the triangle inequality |`1− `2| ≤ `3 ≤ `1 + `2; otherwise, the
constant CXXX`1`2`3 vanishes.
It is easy to see that if we re-scale X` → Xˆ` in such a way that〈
Xˆ`1 (ϕ1, y1) Xˆ`2 (ϕ2, y2)
〉
= δ`1`2 , (3.26)
the 3-point function of the re-scaled operators is proportional to
(
k
k2−α2
) 1
4
N−
3
4 , and it is
natural to introduce the bulk gauge coupling
1
g2YM
=
√
k2 − α2
k
N
3
2 . (3.27)
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The correlation functions of the original operators scale as
〈X`1(ϕ1, y1)X`2(ϕ2, y2)〉 ∼ 1/g2YM , (3.28)
〈X`1(ϕ1, y1)X`2(ϕ2, y2)X`3(ϕ3, y3)〉 ∼ 1/g2YM . (3.29)
We didn’t manage to compute the general connected 4-point function, but its N -
dependence can be found, and it happens that it scales as
〈X`1(ϕ1, y1)X`2(ϕ2, y2)X`3(ϕ3, y3)X`4(ϕ4, y4)〉c ∼ N
3
2 ∼ 1/g2YM . (3.30)
It confirms our holographic identification (2.6) with da1···ann ∼ 1/g2YM .
This dependence of the 2d bulk theory action and correlation functions on N makes
perfect sense. We expect that the fields X`m arise from the Kaluza-Klein modes of the 11d
supergravity in the AdS4×S7 background, whose action behaves as S11d ∼ 1`9Pl
∫
d11x
√
gR+
· · · , and given the identification `Pl ∼ N− 16 in 3d/11d holographic duality [15], the afore-
mentioned N
3
2 behavior matches precisely the higher-dimensional one.
3.2.3 Correlation functions involving Q’s
Since here we are interested in the single-trace currents only, we consider the following
operators:
QA` (ϕ, y) =
i
N
`
2
(
TA
) b
a
Q˜a,i1X i2i1 · · ·X
i2`+1
i2`
Qb,i2`+1 =
i
N
`
2
(
TA
) b
a
Q˜aX2`Qb, (3.31)
where TA are the generators of SU(k), and the normalization is chosen in such a way that
all correlators scale as the same power of N , which is necessary to have a gravity dual
interpretation.
To compute the correlation functions of Q`’s, we need the propagator of Q and Q˜,
which is of the form〈
Q(ϕ1)a,iQ˜(ϕ2)
b,j
〉
σ
= −∆
2
δji δ
b
asgn(ϕ12)
esgn(ϕ12)piσi
cosh(piσi)
e−σiϕ12 , (3.32)
It is not hard to obtain a general expression for the 2-point function, which is
〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)
〉
= δ`1`2
1
N
`1+`2
2
(
∆
2
)2
Tr
(
TATB
)
×
∑
i,j
esgn(ϕ12)piσjie−ϕ12σji
cosh (piσi) cosh (piσj)
〈[
X(ϕ1, y1)2`1
] j
i
[
X(ϕ2, y2)2`2
] i
j
〉
σ
.
(3.33)
After computing the sum in the large N limit, one gets
〈
QA` (ϕ1, y1)Q
B
` (ϕ2, y2)
〉
= Tr
(
TATB
)(∆
2
)2`+2
ρ(0)2`+1
1√
pi
Γ(`+ 1)
Γ
(
`+ 32
)√N 〈y1, y2〉2` .
(3.34)
We can write (3.34) in the form similar to the first equation in (3.16), namely〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)
〉
= δ`1`2Tr
(
TATB
)
BQQ`1 〈y1, y2〉2`1 , (3.35)
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where
BQQ` =
ρ(0)2
2
(
∆
2
)2 1
N
BXX` , (3.36)
which means that the 2-point function of Q`’s differs from the 2-point function of X`’s only
in an `-independent factor.
The 3-point function
〈
QA`1(ϕ1, y1)Q
B
`2
(ϕ2, y2)Q
C
`3
(ϕ3, y3)
〉
can be written as〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)Q
C
`3(ϕ3, y3)
〉
=iTr
(
TA
[
TB, TC
])
CQQQ`1`2`3
× 〈y1, y2〉L12,3 〈y1, y3〉L13,2 〈y2, y3〉L23,1
× (sgnϕ21)L12,3+1 (sgnϕ31)L13,2+1 (sgnϕ32)L23,1+1 ,
(3.37)
where
CQQQ`1`2`3 =
N `1+`2+`3+1
N
`1+`2+`3
2
(
∆
2
)`1+`2+`3+3 ∫
dx cosh
(
pi
√
Nx
)
ρ(x)
×
L12,3∏
i=1
dui ρ (ui)
cosh
(
pi
√
Nu1
)[L12,3−1∏
i=1
cosh
(
pi
√
N (ui − ui+1)
)]
cosh
(
pi
√
N
(
uL12,3 − x
))
×
L13,2∏
j=1
dvj ρ (vj)
cosh
(
pi
√
Nv1
)[L13,2−1∏
j=1
cosh
(
pi
√
N (vj − vj+1)
)]
cosh
(
pi
√
N
(
vL13,2 − x
))
×
L23,1∏
k=1
dwk ρ (wk)
cosh
(
pi
√
Nw1
)[L23,1−1∏
k=1
cosh
(
pi
√
N (wk − wk+1)
)]
cosh
(
pi
√
N
(
wL23,1 − x
)) .
(3.38)
Approximating the rapidly varying part of the integral (which doesn’t include densities ρ)
by
KQQQδ(x)
L12,3∏
i=1
δ (ui)
L13,2∏
j=1
δ (vj)
L23,1∏
k=1
δ (wk)
 , (3.39)
and integrating both sides with respect to x, ui, vj , and wk to find the constant K, we get
CQQQ`1`2`3 =
ρ(0)`1+`2+`3+1√
pi
(
∆
2
)`1+`2+`3+3√
NI (`1 + 1, `2 + 1, `3 + 1) . (3.40)
The 3-point function
〈
QA`1(ϕ1, y1)Q
B
`2
(ϕ2, y2)X`3(ϕ3, y3)
〉
has the form〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)X`3(ϕ3, y3)
〉
=Tr
(
TATB
)
CQQX`1`2`3
× 〈y1, y2〉L12,3 〈y1, y3〉L13,2 〈y2, y3〉L23,1
× (sgnϕ21)L12,3 (sgnϕ31)L13,2 (sgnϕ32)L23,1 .
(3.41)
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Here CQQX`1`2`3 is given by
CQQX`1`2`3 = 2`3 (L12,3 + 1)
NL
N
L−1
2
(
∆
2
)L+2 ∫ dx dy dz cosh(pi√N (x− y)) ρ(x)ρ(y)ρ(z)
cosh
(
pi
√
Nx
)
cosh
(
pi
√
Nz
)
×
L12,3−1∏
i=1
dui ρ (ui)
cosh
(
pi
√
N (z − u1)
)[L12,3−2∏
i=1
cosh
(
pi
√
N (ui − ui+1)
)]
cosh
(
pi
√
N
(
uL12,3−1 − y
))
×
L13,2−1∏
j=1
dvj ρ (vj)
cosh
(
pi
√
N (x− v1)
)[L13,2−2∏
j=1
cosh
(
pi
√
N (vi − vj+1)
)]
cosh
(
pi
√
N
(
vL13,2−1 − y
))
×
L23,1−1∏
k=1
dwk ρ (wk)
cosh
(
pi
√
N (x− w1)
)[L23,1−2∏
k=1
cosh
(
pi
√
N (wk − wk+1)
)]
cosh
(
pi
√
N
(
wL23,1−1 − y
)) ,
(3.42)
where the factor 2`3 (L12,3 + 1) counts different contractions which contribute at the leading
order in N . Again, approximating the ρ-independent part of the integral by
KQQXδ(x)δ(y)δ(z)
L12,3∏
i=1
δ (ui)
L13,2∏
j=1
δ (vj)
L23,1∏
k=1
δ (wk)
 , (3.43)
and integrating both sides with respect to x, y, z, ui, vj , and wk to find the constant
KQQX, we get
CQQX`1`2`3 =
ρ(0)`1+`2+`3√
pi
(
∆
2
)`1+`2+`3+2√
N [2`3 (`1 + `2 − `3 + 1) I (`1 + 1, `2 + 1, `3)]
=
ρ(0)2
2
(
∆
2
)2 1
N
CXXX`1`2`3 .
(3.44)
This relation between CQQX`1`2`3 and C
XXX
`1`2`3
can be also obtained as follows. For a trivial
flavor symmetry (k = 1) and α = 0, the operators Q` are trivial in the chiral ring in
the parent ABJM theory, so their correlators must vanish. In this case, contractions of Q
and Q˜ within the same Q` also contribute to C
QQX
`1`2`3
, and must cancel the contribution of
contractions between Q at the different points, which were considered in our computation.
Taking these self-contractions into account leads to multiplication of the integrand in (3.23)
by − 1N
(
∆
2
)2
tanh (piσi) tanh (piσm) for various i and m. This factor can be written as
− 1
N
(
∆
2
)2
tanh (piσi) tanh (piσm) = − 1
N
(
∆
2
)2 [
1− cosh (piσim)
cosh (piσi) cosh (piσm)
]
, (3.45)
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but the second term in the square brackets leads to additional 1/
√
N suppression, because
of cosh’s in the denominator, nailing all the σ’s to zero. One finally gets
CQQX`1`2`3 = −
(
∆
2
)2 1
N
CXXX`1`2`3 , (3.46)
which indeed cancels our (3.44) if k = 1 and α = 0.
A computation of the general connected 4-point function is again very cumbersome,
but the N -dependence is found easily, and is of the form〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)Q
C
`3(ϕ3, y3)Q
D
`4(ϕ4, y4)
〉
c
∼
√
N, (3.47)〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)Q
C
`3(ϕ3, y3)X`4(ϕ4, y4)
〉
c
∼
√
N, (3.48)〈
QA`1(ϕ1, y1)Q
B
`2(ϕ2, y2)X`3(ϕ3, y3)X`4(ϕ4, y4)
〉
c
∼
√
N. (3.49)
It suggests that in the bulk theory da1···ann ∼ 1/g2YM if all an are X-indices, and da1···ann ∼
1/g
2
3
YM if at least one of an is an Q-index.
3.2.4 A pure Q sector
The correlation functions of the QA0 sector are the following:〈
QA0 (ϕ1)Q
B
0 (ϕ2)
〉
=Tr
(
TATB
)(∆
2
)2 2ρ(0)
pi
√
N,
〈
QA0 (ϕ1)Q
B
0 (ϕ2)Q
C
0 (ϕ3)
〉
=iTr
(
TA
[
TB, TC
])
sgn (ϕ12ϕ23ϕ31)
(
∆
2
)3 2ρ(0)
pi
√
N,〈
QA0 (ϕ1)Q
B
0 (ϕ2)Q
C
0 (ϕ3)Q
D
0 (ϕ4)
〉
=Tr
(
TATCTDTB + TATBTDTC
)
sgn (ϕ12ϕ24ϕ43ϕ31)
×
∑
i
e(sgnϕ12+sgnϕ24+sgnϕ43+sgnϕ31)piσi
cosh4 (piσi)
+ permutations.
(3.50)
For the simplest case of G = SU(2), one gets
〈
QA0 (ϕ1)Q
B
0 (ϕ2)
〉
= δAB
(
∆
2
)2 2ρ(0)
pi
√
N,
〈
QA0 (ϕ1)Q
B
0 (ϕ2)Q
C
0 (ϕ3)
〉
= −εABC
(
∆
2
)3 2ρ(0)
pi
√
Nsgn (ϕ12ϕ23ϕ31) ,〈
QA0 (ϕ1)Q
B
0 (ϕ2)Q
C
0 (ϕ3)Q
D
0 (ϕ4)
〉
c
=
[
εABEεCDE (sgn (ϕ12ϕ24ϕ43ϕ31)− sgn (ϕ12ϕ23ϕ34ϕ41))
+ εACEεBDE (sgn (ϕ12ϕ24ϕ43ϕ31)− sgn (ϕ13ϕ32ϕ24ϕ41))
+ εADEεCBE (sgn (ϕ13ϕ32ϕ24ϕ41)− sgn (ϕ12ϕ23ϕ34ϕ41))
](
∆
2
)4 ρ(0)√N
3pi
.
(3.51)
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These expressions are analogous to correlation functions of the 1d vector topological QM,
given by eq. (3.23) of [1], which has the known holographic AdS2 dual with d
ABC
3 = 0 and
dABCD4 = 0, described in Section 5 of [1]. It is natural to expect that this 2d theory is a
subsector of the bulk theory we consider.
4 Bulk symmetry and dynamics
One can extract the data needed to identify the symmetry algebra of the bulk theory from
the correlation functions of the boundary topological theory.
The OPE of two currents in 1d is in general of the form [1]
jK(0)jL(ϕ) = BδKL +
sgnϕ
2
fKLMjM (0) + dKLMjM (0), (4.1)
where B is a normalization constant, the indices K, L and M run over all conserved
currents in the theory, fKLM is totally anti-symmetric, and dKLM is totally symmetric.
These constants can be read from the correlators of currents as follows:
GA ≡
〈
j[K (ϕ1) j
L] (ϕ2) j
M (ϕ3)
〉
=
B
2
fM [KL],
GS ≡
〈
j(K (ϕ1) j
L) (ϕ2) j
M (ϕ3)
〉
= BdM(KL).
(4.2)
The holographic correspondence identifies the single-trace currents on the boundary
with the bulk gauge fields, so in order to interpret the aforementioned 3-tensors as the gauge
group structure constants of the 2d bulk non-Abelian gauge theory, and the symmetric
tensor appearing in the action (2.1), the single-trace currents must form a closed algebra,
without necessity to include any higher-trace currents.
4.1 Single-trace operators
The conserved single-trace currents X` we worked with, can be expanded in terms of X`m
as
X` (ϕ, y) =i
`
(
y1
)` (
y2
)`
X`0 (ϕ)
+
∑`
m=1
i`−m√
2
[(
y1
)`+m (
y2
)`−m
+
(
y1
)`−m (
y2
)`+m]
X`m (ϕ)
+
−1∑
m=−`
i`−m−1√
2
[(
y1
)`+m (
y2
)`−m − (y1)`−m (y2)`+m]X`m (ϕ) .
(4.3)
From this expression it follows that
X`m = D`mX`, (4.4)
where
D`m (y) =

(−i)`−m√
2(`+m)!(`−m)!
[
∂2`
(∂y1)`+m(∂y2)`−m
+ ∂
2`
(∂y1)`−m(∂y2)`+m
]
, m > 0,
(−i)`
(`!)2
∂2`
(∂y1)`(∂y2)`
, m = 0,
(−i)`−m−1√
2(`+m)!(`−m)!
[
∂2`
(∂y1)`+m(∂y2)`−m
− ∂2`
(∂y1)`−m(∂y2)`+m
]
, m < 0.
(4.5)
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The 2- and 3-point functions of the operators defined this way are
〈X`1m1 (ϕ1)X`2m2 (ϕ2)〉 =BXX`1m1δ`1`2δm1m2 ,
〈X`1m1 (ϕ1)X`2m2 (ϕ2)X`3m3 (ϕ3)〉 =CXXX`1m1,`2m2,`3m3
× (sgnϕ21)L12,3 (sgnϕ31)L13,2 (sgnϕ32)L23,1 ,
(4.6)
where
BXX`m = B
XX
` D`m (y1)D`,−m (y2)
[
〈y1, y2〉2`
]
= BXX`
(2`)!
(`+m)!(`−m)! ,
CXXX`1m1,`2m2,`3m3 = C
XXX
`1`2`3D`1m1 (y1)D`2m2 (y2)D`3m3 (y3)[
〈y1, y2〉`1+`2−`3 〈y1, y3〉`1+`3−`2 〈y2, y3〉`2+`3−`1
]
.
(4.7)
After dividing CXXX`1m1,`2m2,`3m3 by the normalization factor
√
BXX`1m1B
XX
`2m2
BXX`3m3 , one
obtains the anti-symmetric structure constants fXXX`1m1,`2m2,`3m3 , if `1 + `2 + `3 is odd, and
the symmetric 3-tensor dXXX`1m1,`2m2,`3m3 , related to the invariant symmetric 3-tensor of the
group in a way we will uncover momentarily,5 if `1 + `2 + `3 is even. The algebra with the
structure constants fXXX`1m1,`2m2,`3m3 can be shown [16, 17] to be the algebra of area-preserving
diffeomorphisms of the 2-sphere.
In our k 6= 1 theory, we must add the single-trace currents QA`m to the algebra. The 2-
and 3-point functions we must consider are〈
QA1`1m1 (ϕ1)Q
A2
`2m2
(ϕ2)
〉
=Tr
(
TA1TA2
)
BQQ`1m1δ`1`2δm1m2 ,〈
QA1`1m1 (ϕ1)Q
A2
`2m2
(ϕ2)Q
A3
`3m3
(ϕ3)
〉
=iTr
(
TA1
[
TA2 , TA3
])
CQQQ`1m1,`2m2,`3m3
× (sgnϕ21)L12,3+1 (sgnϕ31)L13,2+1 (sgnϕ32)L23,1+1 ,〈
QA1`1m1 (ϕ1)Q
A2
`2m2
(ϕ2)X`3m3 (ϕ3)
〉
=Tr
(
TA1TA2
)
CQQX`1m1,`2m2,`3m3
× (sgnϕ21)L12,3+2 (sgnϕ31)L13,2 (sgnϕ32)L23,1 ,
(4.8)
where BQQ`1m1 and C
QQQ
`1m1,`2m2,`3m3
are defined similarly to BXX`1m1 and C
XXX
`1m1,`2m2,`3m3
, and
are given by
BQQ`m = B
QQ
` D`m (y1)D`,−m (y2)
[
〈y1, y2〉2`
]
= BQQ`
(2`)!
(`+m)!(`−m)! ,
CQQQ`1m1,`2m2,`3m3 = C
QQQ
`1`2`3
D`1m1 (y1)D`2m2 (y2)D`3m3 (y3)[
〈y1, y2〉`1+`2−`3 〈y1, y3〉`1+`3−`2 〈y2, y3〉`2+`3−`1
]
.
(4.9)
Again, one can extract the structure constants fQQQ`1m1A1,`2m2A2,`3m3A3 , and the symmet-
ric 3-tensor dQQQ`1m1A1,`2m2A2,`3m3A3 from these correlation functions. The result is
fQQQ`1m1A1,`2m2A2,`3m3A3 =
fA1A2A3C
QQQ
`1`2`3√
BQQ`1m1B
QQ
`2m2
BQQ`3m3
D`1m1 (y1)D`2m2 (y2)D`3m3 (y3)
[
〈y1, y2〉`1+`2−`3 〈y1, y3〉`1+`3−`2 〈y2, y3〉`2+`3−`1
]
,
(4.10)
5Mod factor of 2.
– 13 –
if `1 + `2 + `3 is even. The symmetric 3-tensor is given by the same expression, but for the
odd `1 + `2 + `3. Here fA1A2A3 are the structure constants of the algebra su (k), and are
given as usual by fA1A2A3 = −iTr
(
TA1
[
TA2 , TA3
])
.
The discussion of fQQX`1m1A1,`2m2A2,`3m3 and d
QQX
`1m1A1,`2m2A2,`3m3
is completely analogous.
The structure constants are
fQQX`1m1A1,`2m2A2,`3m3 =
δA1A2C
QQX
`1`2`3√
BQQ`1m1B
QQ
`2m2
BXX`3m3
D`1m1 (y1)D`2m2 (y2)D`3m3 (y3)
[
〈y1, y2〉`1+`2−`3 〈y1, y3〉`1+`3−`2 〈y2, y3〉`2+`3−`1
]
,
(4.11)
if `1 + `2 + `3 is odd. The symmetric 3-tensor d
QQX
`1m1A1,`2m2A2,`3m3
is given by the same
expression, but for the even `1 + `2 + `3.
4.2 Jacobi identities
As we already mentioned, in order to map the single-trace currents in the boundary theory
to the gauge fields in the bulk, the currents must form a closed algebra. It means that at
the leading order in N , the structure constants we obtain must satisfy the Jacobi identities,
and the symmetric 3-tensors must obey the invariance condition
fXXXx1x5x2d
XXX
x3x4x5 + f
XXX
x1x5x3d
XXX
x4x2x5 + f
XXX
x1x5x4d
XXX
x2x3x5 = 0, (4.12)
and its generalizations involving Q’s, in order to get a gauge-invariant cubic interaction in
(2.1). Here xi = (`i,mi) .
From now on, we work with the normalization of the single-trace operators in which the
2-point functions are normalized to δKL. Working with the normalized structure constants
allows us not to distinguish the upper and the lower indices, and in this section we will use
only the lower ones. In this normalization, the 3-point functions scale as 〈XXX〉 ∼ N− 34 ,
〈QQX〉 ∼ N− 34 and 〈QQQ〉 ∼ N− 14 , and at the leading order in N , the Jacobi identities for
the currents X`m and Q
A
`m give rise to the following relations for the structure constants:
fXXXx1x2x5f
XXX
x3x5x4 + f
XXX
x2x3x5f
XXX
x1x5x4 + f
XXX
x3x1x5f
XXX
x2x5x4 = 0,
fQQQq1q2q5f
QQQ
q3q5q4 + f
QQQ
q2q3q5f
QQQ
q1q5q4 + f
QQQ
q3q1q5f
QQQ
q2q5q4 = 0,
fQQQq1q2q5f
QQX
q3q5x4 + f
QQQ
q2q3q5f
QQX
q1q5x4 + f
QQQ
q3q1q5f
QQX
q2q5x4 = 0,
fQQXq2q3x5f
XXX
x1x5x4 − fQQXq2q5x1fQQXq3q5x4 − fQQXq3q5x1fQQXq2q5x4 = 0,
(4.13)
where qj = (`j ,mj , Aj). All these identities are satisfied with our 3-point functions at the
leading order in N . But the invariance condition (4.12) is not satisfied even at the leading
order. The origin of this is the following. If we consider the d3-invariance condition of the
full boundary current algebra, and take all 4 external indices to be single-trace, for the
purely X curents we get6
gKLfXXXx1Kx2d
XXX
x3x4L + g
KLfXXXx1Kx3d
XXX
x4x2L + g
KLfXXXx1Kx4d
XXX
x2x3L = 0, (4.14)
6The generalization for Q’s is obvious.
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where again the indices K and L run over all currents in the theory (not only single-trace).
In contrast to the identities for the structure constants, these equalities are not closed on
the single-trace sector, which is not surprising, because the mixed single- and the double-
trace contribution to the identity has the same O
(
N−
3
2
)
order, if dXXXx2x3M is reduced to
product of two 2-point functions, as we show in the next subsection. Let’s analyze this
doube-trace contribution.
4.3 The double-trace contribution
We introduce the double-trace operators X[x1x2] (ϕ) =: Xx1 (ϕ)Xx2 (ϕ) :, where the normal
ordering is defined as
: Xx1 (ϕ)Xx2 (ϕ) :=
Xx1 (ϕ)Xx2 (ϕ+ ε) + Xx1 (ϕ)Xx2 (ϕ− ε)
2
−
〈
Xx1 (ϕ)Xx2 (ϕ+ ε) + Xx1 (ϕ)Xx2 (ϕ− ε)
2
〉
.
(4.15)
Here ε is set to zero at the end of any computation, and the complete set of independent
operators is defined by `2 ≥ `1. The double-trace operators Q[q1q2] (ϕ) =: Qq1 (ϕ)Qq2 (ϕ) :,
and (QX)[q1x2] (ϕ) =: Qq1 (ϕ)Xx2 (ϕ) : are defined analogously.
The double-trace operators are normalized as〈
X[x1x2] (ϕ)X[x1x2] (ϕ)
〉
= BXXx1 B
XX
x2 (1 + δx1x2) , (4.16)
their connected 3-point functions with 2 single-trace operators scale as
〈
Xx1Xx2X[x3x4]
〉
c
∼
N−
3
2 , and
〈
Xx1Xx2X[x1x2]
〉 ∼ N0. From the latter relation it follows that the mixed single-
trace/double-trace contribution to (4.14) is of the same O
(
N−
3
2
)
order as the purely
single-trace contribution.
In order to make the “single-trace” algebra closed at the leading order in N ,7 we
re-define what we mean by the single-trace operators as8
Xx1 = Xx1 +
1
N
3
4
ax1[x2x3]X[x2x3]. (4.17)
Here, the coefficients ax1[x5x6] don’t depend on N . In this new basis, the 3-point function
of our new single-trace operators having the O
(
N−
3
4
)
order, changes as〈
Xx1Xx2Xx3
〉
= 〈Xx1Xx2Xx3〉
+
1
N
3
4
[
ax1[x4x5]
〈
X[x4x5]Xx2Xx3
〉
+ ax2[x4x5]
〈
Xx1X[x4x5]Xx3
〉
+ ax3[x4x5]
〈
Xx1Xx2X[x4x5]
〉 ]
.
(4.18)
The term in the square brackets contribute at the order we work with only when the cor-
relators reduce to products of the 2-point functions, leading to an expression independent
7We expect that it is possible to get the closed algebra at any order in N by mixing the single-trace
currents with appropriate combination of higher-trace currents.
8A necessity of doing this is mentioned in [1].
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of coordinates, which means that only the symmetric tensors dXXXx1x2x3 are affected by our
change of operators, while the structure constants stay the same. In order to get the
algebra closed on the single-trace operators, we want our dXXXx1x2x3 to be the genuine in-
variant symmetric 3-tensor of the group, defined as dXXXx1x2x3 = Tr (Tx1 {Tx2 , Tx3}),9 where
(Txk)xmxn = −ifXXXxkxmxn . By choosing the coefficients ax1[x2x3] to be totally symmetric in
all indices, we get from (4.18)
dXXXx1x2x3 = d
XXX
x1x2x3 + 3
ax1x2x3
N
3
4
, (4.19)
from which it follows that if10
ax1x2x3 =
N
3
4
3
[
dXXXx1x2x3 − dXXXx1x2x3
]
, (4.20)
the algebra of single trace-operators is closed.
The situation with operators involving Q’s is similar. We re-define the single-trace
operators as
Qq1 = Qq1 +
1
N
1
4
bq1[q2q3]Q[q2q3] +
1
N
3
4
cq1[q2x2] (QX)[q2x2] . (4.21)
The 3-point function of the single-trace operators is now〈
Qq1Qq2Qq3
〉
= 〈Qq1Qq2Qq3〉
+
1
N
3
4
[
cq1[q4x4]
〈
(QX)[q4x4] Qq2Qq3
〉
+ cq2[q4x4]
〈
Qq1 (QX)[q4x4] Qq3
〉
+ cq3[q4x4]
〈
Qq1Qq2 (QX)[q4x4]
〉]
+
1
N
1
4
[
bq1[q4q5]
〈
Q[q4q5]Qq2Qq3
〉
+ bq2[q4q5]
〈
Qq1Q[q4q5]Qq3
〉
+ bq3[q4q5]
〈
Qq1Qq2Q[q4q5]
〉 ]
,
(4.22)
and〈
Qq1Qq2Xx3
〉
= 〈Qq1Qq2Xx3〉
+
1
N
3
4
[
cq1[q4x4]
〈
(QX)[q4x4] Qq2Xx3
〉
+ cq2[q4x4]
〈
Qq1 (QX)[q4x4] Xx3
〉
+ ax3[x4x5]
〈
Qq1Qq2X[x4x5]
〉 ]
+
1
N
1
4
[
bq1[q4q5]
〈
Q[q4q5]Qq2Xx3
〉
+ bq2[q4q5]
〈
Qq1Q[q4q5]Xx3
〉 ]
,
(4.23)
Taking into account that the normalized correlators 〈QQQX〉 and 〈QQXX〉 scale as N−1
and N−
3
2 , respectively, and choosing b’s and c’s to be totally symmetric, we find that the
algebra closes if11
bq1q2q3 =
N
1
4
3
[
dQQQq1q2q3 − dQQQq1q2q3
]
, cq1q2x3 =
N
3
4
2
[
dQQXq1q2x3 − dQQXq1q2x3
]
. (4.24)
9We didn’t manage to compute these constants in the closed form.
10Equation (4.19) is valid when all x’s are different. When two of them are equal, the coefficient of the
second term is 4 instead of 3, and if all of them are equal, the coefficient is 6.
11The story with the coefficient 3 in the first equation is the same as in the case of purely X operators.
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Note that the invariant symmetric tensors dQQQq1q2q3 are proportional to the symmetric
3-tensors dABC of SU (k) in contrast to the naive symmetric tensors d
QQQ
q1q2q3 , which are
proportional to fABC (see (3.37)).
Our holographic proposal is that the modified single-trace operators (4.17) and (4.21)
must be mapped to the non-Abelian gauge fields in the bulk.
The fact that the action of the bulk theory defined on AdS2, contains the terms of two
different types — one of them has an N
3
2 -dependence, and the other one is proportional to√
N — can be understood from the 11d perspective. The 1d theory we considered, captures
dynamics of the protected topological sector of 3d N = 4 theory with k hypermultiplets,
which has M-theory in the AdS4 × S7/Zk background with SU(k) gauge fields living on
the fixed points on the orbifold, as a gravity dual [18, 19]. The action of this theory in a
given background is of the form S ∼ 1
`9Pl
∫
d11x
√
gR + 1
`3Pl
∫
d7x
√
gTr
(
FAµνF
µνA
)
+ · · · . If
the bulk fields QA`m arise as the Kaluza-Klein modes of the 7d theory, the
√
N -behavior of
the terms with qi indices in the 2d action, makes sense.
5 Conclusions and future directions
In this paper, we proposed a holographic dual to the flavored topological quantum me-
chanics with non-zero FI term. There are some open question left though.
There is a string theory construction of the 1d topological quantum mechanics we
considered — one must place stacks of N D2-branes and k D6-branes in the Ω-background
in Type IIA string theory [6, 7]. It would be great to understand a relation of this brane
construction to our AdS2 dual in spirit of the D-brane near-horizon limit in the canonical
examples of AdS/CFT correspondence.
We computed the structure constants of the bulk theory gauge group, but haven’t
identified the group. It is also very interesting to understand the geometrical meaning of
the group.
We would also like to understand a relation of our construction to the program of
topological holography [7, 20–22].
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